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MATCHED PAIRS OF DISCRETE DYNAMICAL SYSTEMS
OĞUL ESEN AND SERKAN SÜTLÜ
Abstract. Matched pairs of Lie groupoids and Lie algebroids are studied. Discrete Euler-Lagrange
equations are written for the matched pairs of Lie groupoids. As such, a geometric framework to
analyse a discrete system by decomposing it into two mutually interacting subsystems is established.
Two examples are provided to illustrate this strategy; the discrete dynamics on the trivial groupoid,
and the discrete dynamics on the special linear group.
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1. Introduction
Consider two dynamical/mechanical systems, and their equations of motion presented either
in Lagrangian or in Hamiltonian framework. Let also the systems be mutually interacting, so that
they cannot preserve their individual motions. As a result, the equation of motion of the coupled
system demandsmore effort thanmerely putting together the equations of motions of the individual
systems. Such systems have been first studied within the semidirect product theory [6, 33, 36],
where only one of the systems is allowed to act on the other. Many physical systems fit into this
geometry; such as the heavy top [44], and the Maxwell-Vlasov equations [15].
The present paper is a part of the project which investigates a purely geometric framework
(via a purely algebraic strategy) for decoupling the (discrete) dynamical equations of a system.
More precisely, we strive to realize the dynamical equations of a system bymeans of the dynamical
equations of two simpler systems, together with the additional terms that emerge from the mutual
interactions of these, [12, 13]. This theory of “matched pair dynamics” may also be regarded as a
generalization of the semi-direct product theory, which, in particular, corresponds to the case that
one of the mutual representations being trivial.
The fundamental geometric object in the matched pair dynamics is that of a Lie group,
whereas the algebraic strategy we follow is nothing but the matched pair theory of [48, 27]. A pair
of Lie groups that act on each other, subject to compatibility conditions ensuring a group structure
on their cartesian product, is called a “matched pair of Lie groups”. We shall then call the total
space (the cartesian product) “the matched pair Lie group” in order to emphasize the “matching”,
while it is also referred as a bicrossedproduct group in [29, 28], the twilled extension in [20], the
double Lie group in [23], or the Zappa-Szép product in [4]; see also [45, 46, 47, 51] . Conversely,
from the decomposition point of view, if a Lie group is isomorphic (as topological sets) to the
cartesian product of two of its subgroups (with trivial intersection), then it is a matched pair Lie
group. In this case, the mutual actions of the subgroups are derived from the group multiplication.
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Motivated by the fact that the tangent space of a Lie group has the structure of a Lie group
(called the “tangent group”), and that the tangent group of a matched pair Lie group is a matched
pair tangent group, we successfully studied in [13] the equations of motion of systems whose
configuration spaces being matched pair tangent groups within the Lagrangian framework. We
thus obtained the matched Euler-Lagrange equations, and the matched Euler-Poincaré equations.
It was expected then, to carry out the similar discussions along the cotangent bundles and
the “cotangent groups” of Lie groups. This allowed us to apply in [12] the algebraic machinery (of
matched pairs) to the Hamiltonian formalism of the equations of motion. The matched Hamilton’s
equations, and the matched Lie-Poisson equations were obtained this way. The “matched pair
Hamiltonian dynamics” found an application even in the field of fluid dynamics, [11].
On the other hand, the transition from the Kleinian conception of geometry to the Ehres-
mannian point of view led to the evolution of Lie groups into Lie groupoids, [41, 43], which may
be considered as the central objects in “discrete dynamics”, [37, 32]. In this geometry, a discrete
system is generated by a Lagrangian on a Lie groupoid, and the dynamical equations are obtained
by the directional derivatives of the Lagrangian with left and right invariant vector fields at a finite
sequence of “composable” elements.
The theory of discrete dynamics on the Lie groupoid framework has been studied extensively
in the literature. We refer the reader to [16, 31] for the discrete dynamics involving constraints,
and to [49] for the field theoretic approach. In particular, there is an even richer theory of discrete
dynamics on Lie groups. We cite [3] for the discrete time Lagrangian mechanics on Lie groups,
[34] for the discrete Lie-Poisson and the discrete Euler-Poincaré equations, and [35, 18] for the
reduction of discrete systems under symmetry. For the discrete Hamiltonian dynamics in the realm
of variational integrators we refer to [21], and [8, 7] for the higher order discrete dynamics. The
local description of discrete mechanics can be found in [30], whereas the inverse problem of the
calculus of variations in [1]. An implicit formulation of the discrete dynamics has been introduced
in [17].
In much the same way the Lie groups are matched, the Lie groupoids (as well as their Lie
algebroids) can be matched. As a result, the very same algebraic strategy of “matched pairs” may
be used once more; this time to study the discrete dynamical systems. What we achieve then, in the
present paper, is to represent the equations of motion of such a system in terms of the equations of
motion of two simpler systems, decorated by the additional terms reflecting the mutual interactions
of the subsystems.
The paper is organized in four sections. In the following two sections, Section 2 and Section
3, we recall what we shall use on Lie groupoids, Lie algebroids, and their matched pair theory.
It is Section 4 where the novelty of the paper lies. The discerete Euler-Lagrange equations are
recalled in Subsection 4.1, and then revisited both in Subsection 4.2 for matched pairs of Lie
groupoids, and in Subsection 4.3 for the Lie groups; along the way towards the discrete dynamics
on the matched pairs of Lie groups. Section 5 is reserved for concrete examples. More precisely,
in Subsection 5.1 we present the (discrete) Euler-Lagrange equations explicitly for the trivial
groupoid, decomposing it into the action groupoid and the coarse groupoid. As such, we realise
the (discrete) Euler-Lagrange equations of the trivial groupoid in terms of the (discrete) Euler-
Lagrange equations of the action groupoid and the coarse groupoid, glued together via the terms
that emerge from the mutual actions of those. Finally, in Subsection 5.2 we illustrate the (discrete)
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Euler-Lagrange equations on the Lie group SL(2,C), the matched pair decomposition of which
incarnates as the Iwasawa decomposition.
2. Lie groupoids and Lie algebroids
In order to fix the notation, as well as the convenience of the reader, we devote the present
section to a brief summary of the basics of Lie groupoids and Lie algebroids. The reader may
consult to [24, 26, 39] for further details.
2.1. Lie groupoids and their actions.
2.1.1. Definition and basic examples.
Let G and B be two manifolds, and let there be two surjective submersions
G
α //
β
// B,
called the “source map” and the “target map”, respectively. We assume also that, there exists a
smooth map
ε : B −→ G, b 7→ b˜,
called the “object inclusion”. The product space
G ∗ G := {(g, g′) ∈ G × G | β(g) = α(g′)}
is called the “space of composable elements”, and is equipped with the partial multiplication
G ∗ G −→ G, (g, g′) 7→ gg′.
The five-tuple (G, B, α, β, ǫ) with a partial multiplication is called a “Lie groupoid” if
(i) α(gg′) = α(g), and β(gg′) = β(g′),
(ii) g(g′g′′) = (gg′)g′′,
(iii) α(b˜) = β(b˜) = b,
(iv) g β˜(g) = g = α˜(g)g ,
(v) there is g−1 ∈ G such that α(g−1) = β(g) and β(g−1) = α(g), and that
g
−1
g = β˜(g), gg−1 = α˜(g),
for any (g, g′), (g′, g′′) ∈ G ∗ G, any b ∈ B, and any g ∈ G.
The elements of B are called “objects”, whereas the elements of G are referred as “arrows”,
or “morphisms” . A groupoid may also be considered as a category such that all arrows are
invertible. We shall denote a Lie groupoid by G ⇒ B, or simply by G when there is no confusion
on the base. Let us, now, recall the examples of Lie groupoids that we shall need in the sequel.
Example 2.1. Any Lie group G gives rise to a Lie groupoid over the identity element {e}; the
source map and the target map being the constant maps α = β : G → {e}, and the object inclusion
map being the obvious inclusion e˜ = e. Moreover, the partial multiplication of this groupoid is the
group multiplication. We denote this Lie groupoid by G ⇒ {e}, or simply by G.
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Example 2.2. Let G be a Lie group, and M a manifold with a smooth G-action M ×G → M from
the right. Then M × G ⇒ M has the structure of a Lie groupoid over M equipped with the source
map, the target map, and the object inclusion given by
α : M × G −→ M, α(m, g) := m,
β : M × G −→ M, β(m, g) := mg,
ε : M −→ M × G, ε(m) := (m, e).
The partial multiplication is given by
(2.1) (m, g) · (m′, g′) := (m, gg′), if mg = m′.
The groupoid M × G is called as the “action groupoid”.
Example 2.3. Let M be a manifold. Then the cartesian product M × M of M with itself is a
groupoid over M via the source, target, and the object inclusion maps given by
α : M × M −→ M, α(m,m′) := m,
β : M × M −→ M, β(m,m′) := m′,
ε : M −→ M × M, ε(m) := (m, m),
whereas the partial multiplication is
(m, m′) · (n, n′) := (m, n′), if m′ = n.
This groupoid M × M ⇒ M is called the “coarse groupoid”, the “pair groupoid”, or the “banal
groupoid”.
Example 2.4. Given a manifold M , and a Lie group G, the triple product M × G × M is a Lie
groupoid over M by the source, target, and the object inclusion maps
α : M × G × M −→ M, α(m, g, m′) := m,
β : M × G × M −→ M, β(m, g, m′) := m′,
ε : M −→ M × G × M, ε(m) = m˜ := (m, e, m),
and the partial multiplication
(m, g, m′) · (n, g′, n′) := (m, gg′, n′), if m′ = n.
The groupoid M × G × M ⇒ M is called the “trivial groupoid”.
2.1.2. Left and right invariant vector fields.
Given a Lie groupoid G ⇒ B, a vector field Z ∈ Γ(TG) is called “left invariant” if
Z(gg′) = Tg′ℓgZ(g′),
for any (g, g′) ∈ G ∗ G, where ℓg : G → G is the left translation induced from the partial
multiplication, and Tg′ℓg : Tg′G → Tgg′G is the tangent lift of this mapping at g′ ∈ G. Similarly, a
“right invariant” vector field Z ∈ Γ(TG) is one that satisfies
Z(gg′) = Tgrg′Z(g)
for any (g, g′) ∈ G ∗ G, where rg′ : G → G is the right translation, and Tgrg′ : TgG → Tgg′G is its
the tangent lift at g ∈ G.
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2.1.3. Morphisms of Lie groupoids.
Let G an H be two Lie groupoids over the bases B and C, respectively. A morphism of Lie
groupoids is a pair of smooth maps Φ : G −→ H and Φ0 : B −→ C compatible with the groupoid
multiplications, source, target, and the object inclusion maps. More precisely, a Lie groupoid
morphism is a pair (Φ,Φ0) that satisfies
(i) (Φ(g),Φ(g′)) ∈ H ∗ H ,
(ii) Φ(gg′) = Φ(g)Φ(g′),
(iii) α(Φ(g)) = Φ0(α(g)),
(iv) β(Φ(g)) = Φ0(β(g)),
(v) Φ(b˜) = Φ0(b),
for any (g, g′) ∈ G∗G, and any b ∈ B. The requirements may be summarized by the commutativity
of the diagram
(2.2) G
α

β

Φ // H
α

β

B
ε
77
Φ0
// C
ε
ff
for each source, target and inclusion map. In order to avoid the notation inflation, we shall not
distinguish the source maps of the Lie groupoids G and H with different notations. Instead, we
shall make it clear from the context.
2.1.4. Lie groupoid actions.
Let G be a Lie groupoid over the base B, and let f : P → B be a smooth map from a manifold P
to the base manifold B. Given the product space
P ∗ G := {(p, g) ∈ P × G | f (p) = α(g)},
a smooth map
⊳ : P ∗ G −→ P, (p, g) 7→ p ⊳ g
is called the (right) action of G on f if
(i) f (p ⊳ g) = β(g),
(ii) (p ⊳ g) ⊳ g′ = p ⊳ (gg′),
(iii) p ⊳ f˜ (p) = p,
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for any (p, g) ∈ P ∗ G, any (g, g′) ∈ G ∗ G, and any p ∈ P. The definition may be summarized by
the commutativity of the diagram
(2.3) P : p
f

⊳g
//
⊳gg′
))
p ⊳ g
f

⊳g′
// (p ⊳ g) ⊳ g′
f

B : α(g)
g
//
gg
′
55β(g) = α(g′)
g
′
// β(g′)
The letters P and B refers to the manifolds in which the objects in the corresponding rows belong.
The left action of a Lie groupoid on a smooth map is defined similarly, [24, 25]. Let H be
a Lie groupoid over the base B, and let f : P 7→ B be a smooth function from a manifold P to B.
Then, given the product space
H ∗ P := {(h, p) ∈ H × P | β(h) = f (p)},
the smooth mapping
⊲ : H ∗ P −→ P, (h, p) 7→ h ⊲ p
is called a (left) action ofH on f if
(i) f (h ⊲ p) = α(h),
(ii) h′ ⊲ (h ⊲ p) = (h′h) ⊲ p,
(iii) f˜ (p) ⊲ p = p,
for any (h, p) ∈ H ∗ P, any (h′, h) ∈ H ∗H , and any p ∈ P. In other words, the following diagram
is commutative:
(2.4) P : h′ ⊲ (h ⊲ p)
f

h ⊲ p
f

h′⊲oo p
f

h⊲oo
h′h⊲
tt
B : α(h′)
h′
//
h′h
55β(h′) = α(h) h // β(h)
We are now ready to conclude with the left and the right actions of a Lie groupoid on another
Lie groupoid. Let G be a Lie groupoid over the base B, and let H be another Lie groupoid over
C. The left action ofH on G is defined to be the (left) action ofH on the source map α : G → B,
while the right action of G on H is similarly defined to be the (right) action of G on the target
map β : H → C. For further details on the representations of Lie groupoids we refer the reader
to [5, 25].
2.2. Lie algebroids and their actions.
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2.2.1. Definition of a Lie algebroid.
A Lie algebroid over a manifold M may be thought of a generalization of the tangent bundle
T M of M , [24, 40, 42]. More technically, given a manifold M , a “Lie algebroid” A over the
base M is a (real) vector bundle τ : A → M , together with a map a : A → T M of vector
bundles, called the “anchor map”, and a Lie bracket [•, •] (bilinear, anti-symmetric, satisfying the
Jacobi identity) on the space Γ(A) of sections, so that the inducedC∞(M)-module homomorphism
a : Γ(A) → Γ(T M) satisfies
[X, f Y ] = f [X,Y ] + La(X)( f )Y
for any X,Y ∈ Γ(A), and any f ∈ C∞(M), where La(X)( f ) stands for the directional derivative of
f ∈ C∞(M) in the direction of a(X) ∈ T M . It, then, follows that
a([X,Y ]) = [a(X), a(Y )]
for any X,Y ∈ Γ(A). Accordingly, a Lie algebroid is denoted by a quintuple (A, τ, M, a, [•, •]), or
occasionally by a triple (A, τ, M) when there is no confusion on the bracket, and the anchor map.
Let us now take a quick tour on a bunch of critical examples.
Example 2.5. Any Lie algebra g is a Lie algebroid τ : g → {∗}; taking the base manifold B = {∗}
to be a one-point set, and the anchor map a : g → T B to be the zero map.
Example 2.6. Given any manifold M , the tangent bundle T M is a Lie algebroid over the base M ,
where the anchor a : T M → T M is the identity map.
Example 2.7. Let M be manifold admitting an infinitesimal left action of a Lie algebra g. As
such, there exists a linear map g → Γ(T M), ξ 7→ Xξ , preserving the Lie brackets. Then the trivial
bundle M × g → M , via the projection onto the first component, can be made into a Lie algebroid
via the (fiber preserving) anchor map
a : M × g → T M, a(m, ξ) := Xξ(m),
and the bracket given by
[u, v](m) = [u(m), v(m)]g + (LXu(m)v)(m) − (LXv(m)u)(m)
regarding the sections of the trivial bundle M × g as (smooth) maps u, v : M → g, referring the
Lie derivative of a Lie algebra valued function w : M → g along the vector field X ∈ Γ(T M) by
LX(w), and denoting the Lie bracket on g as [•, •]g. This Lie algebroid is called the “action Lie
algebroid” (or the “transformation Lie algebroid”), [14, 19, 22, 40].
2.2.2. Lie algebroid of a Lie groupoid.
We now recall from [10, 26, 42] that how a Lie algebroid associates to a given Lie groupoid
in a canonical way. Let G be a Lie groupoid over B, α : G → B be the source map, and
Tgα : TgG → Tα(g)B be its tangent lift at g ∈ G. Along the lines of [32], the “Lie algebroid
associated to the Lie groupoid” G is defined to be the vector bundle (AG, τ, B) whose fibers are
given by
AbG := kerTε(b)α,
In otherwords,AG corresponds to the vertical bundle onGwith respect to the fibrationα : G → B.
We shall denote a typical section of the fibration τ : AG → B by X ∈ Γ(AG). Moreover, the
anchor map a : AG → T B is given by
(2.5) a(X(b)) = T
b˜
β ◦ X(b)
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where T
b˜
β : T
b˜
G → TbB is the tangent lift of the target map β : G → B at b˜ = ε(b) ∈ G. Finally,
the definition of the Lie bracket [•, •]AG on the sections of AG → B follows from the direct
analogy with that of the Lie groups. More precisely, the bracket on the (associated) Lie algebroid
is defined by means of the Jacobi-Lie bracket of the left (or the right) invariant vector fields on the
groupoid; [9, 24, 32].
For a Lie groupoid G ⇒ B, there exists an isomorphism of C∞(G)-modules between the
sections Γ(AG) of the Lie algebroid of the Lie groupoid and the left-invariant (resp. the right
invariant) vector fields on G, [26]. To any X ∈ Γ(AG), there corresponds a left invariant vector
field
←−
X ∈ Γ(TG) via
(2.6)
←−
X (g) := T
β˜(g)ℓgX(β(g)).
As such, a left invariant vector field satisfies
←−
X (g1g2) = Tg2ℓg1
←−
X (g2),
for any (composable) g1, g2 ∈ G. Conversely, if←−X ∈ Γ(TG) is a left invariant vector field, then
X(b) :=←−X (b˜)
defines a section X ∈ Γ(AG). This identification of the sections of the Lie algebroidAG with the
left invariant vector fields of G allows us to define (induce) the Lie bracket on the sections. Given
X,Y ∈ Γ(AG), we define their Lie bracket as
(2.7) [X,Y ]AG(b) := [←−X ,←−Y ](b˜)
where the bracket on the right hand side is the Jacobi-Lie bracket of left invariant vector fields on
the Lie algebroid G.
As for the right invariant vector fields, given any X ∈ Γ(AG), a right invariant vector field−→
X ∈ Γ(TG) is defined through
(2.8)
−→
X (g) := −T
α˜(g)rg ◦ Tα˜(g)inv(X(α(g)),
where inv : G → G stands for the inversion, and T
α˜(g)rg : Tα˜(g)G → TgG is the tangent lift of the
right translation by g ∈ G at ε(α(g)) = α˜(g) ∈ G.
The right invariant vector field
−→
X ∈ Γ(TG) corresponding to X ∈ Γ(AG) is equivalently
given by
(2.9)
−→
X (g) = − d
dt

t=0
x−1(t)g,
where x(t) is any curve through G with constant source, that is α(x(t)) = α(g) ∈ B, and is tangent
to X(α(g)) ∈ Aα(g)G ⊆ Tα˜(g)G, that is Ûx(0) = X(α(g)).
It follows at once from the definition that
−→
X (g1g2) = Tg1rg2
−→
X (g1)
for any (composable) g1, g2 ∈ G. In this case, the relation between the Lie brackets is given by
−−−−→[X,Y ]AG = −[−→X ,−→Y ],
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where the bracket on the left side is the one on the Lie algebroid level, whereas the bracket on the
right hand side is the Jacobi-Lie bracket of vector fields on the manifold G.
Let us next present examples on the construction of the left and the right invariant vector
fields on the Lie groupoids in Example 2.1 - 2.4 which will be needed in the sequel.
Example 2.8. Let G be a Lie group, and G ⇒ {e} be the Lie groupoid in Example 2.1. Since the
inclusion map is given by ε(e) = e˜ = e, the tangent space at e˜ ∈ G is TeG = g, and the source map
α : G → {e} is constant, the kernel of the tangent lift of the source map (the total space of the
associated Lie algebroid AG) may be identified with the Lie algebra g of the group G. The right
and the left invariant vector fields associated to ξ ∈ g are then given by
−→
ξ : G −→ TG, g 7→ Terg(ξ),(2.10)
←−
ξ : G −→ TG, g 7→ Teℓg(ξ).(2.11)
Example 2.9. The Lie algebroid of the coarse groupoid M × M ⇒ M of Example 2.3 is the Lie
algebroid (T M, τM, M) of Example 2.6. Indeed, consider a curve (m, nt) ∈ M × M with constant
source, so that n0 = n ∈ M and Ûn0 = X ∈ TnM . Then its derivative (at t = 0) yields a vector
(θm, X) ∈ TmM ×TnM . Given any section (θm, X) ∈ Am(M × M), the corresponding right and left
invariant vector fields on M × M are computed to be
−−−−−→(θm, X) : M × M −→ T(M × M) = T M × T M, (m, n) 7→ (−X, θm),(2.12)
←−−−−−(θm, X) : M × M −→ T(M × M) = T M × T M, (m, n) 7→ (θm, X).(2.13)
Example 2.10. The Lie algebroid of the action groupoid M × G ⇒ M of Example 2.2 is the
transformation Lie algebroid (M × g, pr1, M) of Example 2.7. Indeed, the derivative of a curve
(m, gt) ∈ M × G of constant source, such that g0 = e and that Ûg0 = ξ ∈ g, yields a vector
(θm, ξ) ∈ TmM × TeG. As such, the total space A(M × G) may be identified with the cartesian
product M ×g. For any (θm, ξ) ∈ Am(M ×G), the left invariant and the right invariant vector fields
are given by
−−−−→(θm, ξ) (m, g) =
(
−ξ†(m),−→ξ (g)
)
,
←−−−−(θm, ξ) (m, g) =
(
θm,
←−
ξ (g)
)
,
where the infinitesimal generator of the right action is computed to be
(2.14) ξ†(m) := d
dt

t=0
met
for any curve et ∈ G with e0 = e ∈ G, and Ûe0 = ξ ∈ g.
Example 2.11. The Lie algebroid of the trivial groupoid of Example 2.4 is the Lie algebroid
(M ×g) ⊕T M . Indeed, given a curve (mt, et, nt) ∈ M ×G×M with e0 = e ∈ G, m0 = n0 = m ∈ M ,
Ûe0 = ξ ∈ g, Ûm0 = X ∈ TmM , and Ûn0 = Y ∈ TmM ,
T(m,e,m)α(X, ξ,Y ) = X .
As such,
Am(M × G × M) =
{(θm, ξ,Y ) | ξ ∈ g, Y ∈ TmM}
which yieldsA(M ×G × M)  (M × g) ⊕ T M . In order to compute the left (resp. right) invariant
vector fields, let (m, g, n) ∈ M × G × M , and let (θn, ξ, X) ∈ An(M × G × M). Accordingly, let
(n, et, nt) ∈ M × G × M be a curve such that e0 = n, n0 = n, Ûe0 = ξ, and Ûn0 = Y ∈ TnM . We then
see that
(2.15)
←−−−−−−(θn, ξ,Y )(m, g, n) = d
dt

t=0
(m, g, n)(n, et, nt) = d
dt

t=0
(m, get, nt) = (θm,←−ξ (g),Y ).
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Similarly, given (θm, ξ, X), if (m, et, mt) ∈ M ×G × M be a curve such that e0 = e, m0 = m, Ûe0 = ξ,
and Ûm0 = X ∈ TmM , then
−−−−−−−→(θm, ξ, X)(m, g, n) = − d
dt

t=0
(m, et, mt)−1(m, g, n) = − d
dt

t=0
(mt, e−1t , m)(m, g, n) =
− d
dt

t=0
(mt, e−1t g, n) = (−X,
−→
ξ (g), θn).
2.2.3. Morphisms of Lie algebroids.
Given two Lie algebroids (A, τ, M) and (A′, τ′, M′), a morphism from (A, τ, M) to (A′, τ′, M)
is a vector bundle morphism preserving the achors as well as the brackets. That is, a pair
(φ : A → A′; φ0 : M → M′) such that
A φ //
τ

A′
τ′

M
φ0
// M′,
that
a′ ◦ φ = Tφ0 ◦ a,
where a : A → T M and a′ : A′ → T M′ are the respective anchor maps, and finally that
φ([X,Y ]) = [φ(X), φ(Y )].
It is possible to derive a Lie algebroid morphism starting from a Lie groupoid morphism as
follows. Given two Lie groupoids G ⇒ B andH ⇒ C. Let
Φ : G → H ; Φ0 : M → N
be a morphism of Lie groupoids. Then, forAmG ∋ X = ddt

t=0
xt , where α(xt) = m,
AmΦ : AmG → AΦ0(m)H ; X 7→
d
dt

t=0
Φ(xt)
defines a morphism AG → AH of Lie algebroids associated with the Lie groupoids G and H ,
respectively. We refer the reader to [24, Sect. 3.5] for further details.
3. Matched pairs of Lie groupoids and matched pairs of Lie algebroids
3.1. Matched pairs of Lie groupoids.
3.1.1. Definition of a matched Lie groupoid.
In this subsection we recall, mainly from [40, 25], the groupoid level of the matched pair theory
of [28, 29]. Let G ⇒ B andH ⇒ B be two Lie groupoids over the same base B, and letH act on
G from the left by
(3.1) ⊲ : H ∗ G −→ G, (h, g′) 7→ h ⊲ g′,
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where we recall that the set H ∗ G of composable elements consists of the pairs (h, g) ∈ H × G
such that β(h) = α(g). Being a left action, (3.1) satisfies
(i) α(h) = α(h ⊲ g′) ,
(ii) (h′h) ⊲ g′ = h′ ⊲ (h ⊲ g′)
(iii) α˜(h) ⊲ g′ = g′ for any h ∈ H
for any (h, g′) ∈ H ∗ G, any (h′, h) ∈ H ∗ H , and any h ∈ H . Let also G act onH from the right
by
(3.2) ⊳ : H ∗ G −→ H, (h, g′) 7→ h ⊳ g′.
Then, being a right action, (3.2) satisfies
(iv) β(g′) = β(h ⊳ g′),
(v) h ⊳ g′g = (h ⊳ g′) ⊳ g,
(vi) h ⊳ β(g′) = h,
for any (h, g′) ∈ H ∗ G, any (g′, g) ∈ G ∗ G, and any g′ ∈ G. Now, the pair (G,H) is called a
“matched pair of Lie groupoids” if, in addition, the compatibilities
(vii) β(h ⊲ g′) = α(h ⊳ g′),
(viii) h ⊲ (g′g) = (h ⊲ g′)((h ⊳ g′) ⊲ g),
(ix) (h′h) ⊳ g′ = (h′ ⊳ (h ⊲ g′))(h ⊳ g′),
are also satisfied for any (h, g′) ∈ H ∗ G, any (g′, g) ∈ G ∗ G, and any (h′, h) ∈ H ∗ H .
Then, the product space
G ⊲⊳ H := G ∗ H = {(g, h) ∈ G × H | β(g) = α(h)}
becomes a Lie groupoid by the partial multiplication, on
(G ⊲⊳ H) ∗ (G ⊲⊳ H) := {((g, h), (g′, h′)) ∈ (G ⊲⊳ H) × (G ⊲⊳ H) | β(h) = α(g′)},
given by
(3.3) (G ⊲⊳ H) ∗ (G ⊲⊳ H) −→ (G ⊲⊳ H), ((g, h) , (g′, h′)) 7→ (g (h ⊲ g′) , (h ⊳ g′) h′) .
The source and target maps of the “matched pair Lie groupoid” G ⊲⊳ H are given by
α : G ⊲⊳ H −→ B, (g, h) 7→ α(g),
β : G ⊲⊳ H −→ B, (g, h) 7→ β(h),
respectively. The object inclusion map of the matched pair Lie groupoid is defined in terms of
those on G andH as
ε : B −→ G ⊲⊳ H, b 7→ (b˜, b˜).
The relation between the matched pair Lie groupoid G ⊲⊳ H and the individual Lie groupoids G
andH is given in [25, Thm. 2.10] that we record below.
Proposition 3.1. A pair (G,H) of groupoids is a matched pair of groupoids if and only if the
manifold G ∗ H has the structure of a Lie groupoid, such that
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(i) the maps G → G ∗ H given by g 7→ (g, β˜(g)), and H → G ∗ H given by h 7→ (α˜(h), h)
are morphisms of Lie groupoids, and
(ii) the multiplication ((g, β˜(g)), (α˜(h), h)) 7→ (g, h) ∈ G ∗ H is a diffeomorphism.
Picturing an element (g, h) ∈ G ⊲⊳ H by
(3.4) β(h)
α(g)
g
// β(g) = α(h),
h
OO
the partial multiplication (3.3) on the matched pair groupoid may be illustrated as
(3.5) β(h′)
β(h) = α(g′)
g
′
// t(g′) = β(h ⊳ g′)
h′
OO
α(g)
g
// β(g) = α(h) = α(h ⊲ g′)
h
OO
h⊲g′
// β(h ⊲ g′) = α(h ⊳ g′).
h⊳g′
OO
The following remark concerns the actions on the identity elements.
Remark 3.2. Let (G,H) be a matched pair of Lie groupoids. Given g ∈ G with α(g) = b1 and
β(g) = b2, and h ∈ H with α(h) = b3 and β(h) = b4, we see at once that
(3.6) h ⊲ b˜4 = b˜3 ∈ G, b˜1 ⊳ g = b˜2 ∈ H,
and that,
(3.7) b˜1 ⊲ g = g, h ⊳ b˜4 = h.
3.1.2. Matched pair decomposition of the trivial groupoid.
Given the action groupoid G = M × G of Example 2.2, and the coarse groupoid H = M × M of
Example 2.3, let us consider the set
H ∗ G = (M × M) ∗ (M × G) = {((m′, m;m, g)) ∈ (M × M) × (M × G)}
of composable elements. The left action
(3.8) ⊲ : (M × M) ∗ (M × G) −→ (M × G), (m′, m) ⊲ (m, g) := (m′, g)
of the action groupoid G = M × G on the coarse groupoidH = M × M , and the right action
(3.9) ⊳ : (M × M) ∗ (M × G) −→ (M × M), (m′, m) ⊳ (m, g) := (m′g, mg)
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of the action groupoid G = M × G on the coarse groupoid H = M × M satisfies the conditions
(i)-(ix) of the previous subsection. Thus, the set
(3.10) G ∗ H = (M × G) ∗ (M × M) = {(m, g;mg,m′) ∈ (M × G) × (M × M)}
of composable elements form a Lie groupoid G ⊲⊳ H = (M × G) ⊲⊳ (M × M) over the base
manifold M . The source, target and object inclusion maps are computed to be
α : (M × G) ⊲⊳ (M × M) −→ M, (m, g;mg,m′) 7→ m,(3.11)
β : (M × G) ⊲⊳ (M × M) −→ M, (m, g;mg,m′) 7→ m′,(3.12)
ε : M −→ (M × G) ⊲⊳ (M × M), m 7→ (m, e;m, m).(3.13)
In order to proceed to the partial multiplication, we consider the product space
((M × G) ⊲⊳ (M × M)) ∗ ((M × G) ⊲⊳ (M × M)) :={(m, g;mg,m′), (m′, h;m′h, n) : m′, m, n ∈ M and g, h ∈ G}.
The partial multiplication, given by (3.3), then appears as
(m, g;mg,m′) ∗ (m′, h;m′h, n) = ((m, g) ((mg,m′) ⊲ (m′, h)) ; ((mg,m′) ⊳ (m′, h)) (m′h, n))
= ((m, g)(mg, h); (mgh,m′h)(m′h, n))
= (m, gh;mgh,n).
Accordingly, the inversion is computed to be
(m, g;mg, n)−1 = (n, g−1; ng−1, m).
Thematched pair Lie groupoid (M×G) ⊲⊳ (M×M) is identified with the trivial Lie groupoid
M × G × M via
(3.14) Φ : M × G × M −→ (M × G) ⊲⊳ (M × M), (m, g, n) 7→ (m, g;mg,n),
see for instance, [40].
Let us finally note that the map (3.14) that gives the matched pair decomposition of the trivial
groupoid is differentiated to a Lie algebroid morphism
AmΦ : Am(M × G × M) −→ Am((M × G) ⊲⊳ (M × M)),
(θm, ξ,Y ) 7→ (θm, ξ; ξ†(m),Y).
(3.15)
Indeed, for a curve (m, et, mt) ∈ M ×G × M with e0 = e, m0 = m, Ûe0 = ξ ∈ g, and Ûm0 = Y ∈ TmM ,
recalling (2.14) we compute
(AmΦ)(θm, ξ,Y ) =
d
dt

t=0
Φ(m, et, mt) =
d
dt

t=0
(m, et ;met, mt) = (θm, ξ; ξ†(m),Y ).
3.2. Matched pairs of Lie algebroids.
Let us begin with a brief discussion on the representation of a Lie algebroid on a vector bundle
from [14, 40, 22].
Let (A, τ, M, a, [•, •]) be a Lie algebroid, and let (E, π, M) be a vector bundle over the same
base manifold M . A left representation of (A, τ, M) to (E, π, M) is a bilinear map
ρ : Γ(A) × Γ(E) −→ Γ(E), (X, s) 7→ ρX(s) = ρ(X, s)
such that
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(i) ρ f X (Y ) = f ρX(Y ),
(ii) ρX ( f Y) = f ρX(Y ) + (a(X) f )Y ,
(iii) ρ[X,X˜](Y) = ρX (ρX˜(Y )) − ρX˜ (ρX(Y )),
for any X, X˜ ∈ Γ(A), anyY ∈ Γ(E), and any f ∈ C∞(M). A right representation of a Lie algebroid
on a vector bundle is defined similarly.
Two Lie algebroids with the same base manifold form a matched pair of Lie algebroids if
the direct sum of the total spaces of the Lie algebroids has a Lie algebroid structure on the same
base such that the individual Lie algebroids are Lie subalgebroids of the direct sum, [40]. More
precisely, let (A, τ, M, a, [•, •]) and (B, κ, M, b, [•, •]) be two Lie algebroids over the same base M
with mutual representations
ρ : Γ(B) × Γ(A) → Γ(A), ρ′ : Γ(A) × Γ(B) → Γ(B),
satisfying
(i) ρY [X, X˜] = [ρY (X), X˜] + [X, ρY (X˜)] − ρρ′
X
(Y )(X˜) + ρρ′
X˜
(Y )(X),
(ii) ρ′
X
[Y, Y˜ ] = [ρX (Y), Y˜ ] + [Y, ρX (Y˜ )] − ρ′ρY (X)(X˜) + ρ
′
ρ
Y˜
(X)(Y ),
(iii) [b(Y ), a(X)] = a(ρY (X)) − b(ρ′X (Y )),
for any X, X˜ ∈ Γ(A), and any Y, Y˜ ∈ Γ(B). Then, the direct sum vector bundleA ⊲⊳ B := A ⊕ B
has the structure of a Lie algebroid by the bracket given by
(3.16) [Y, X] = ρ(Y, X) − ρ′(X,Y)
for any X ∈ Γ(A), and any Y ∈ Γ(B). The pair (A,B) of Lie algebroids is called a “matched pair
of Lie algebroids”, whereas the vector bundleA ⊲⊳ B is called a “matched pair Lie algebroid”.
3.3. Lie algebroid actions induced from Lie groupoid actions.
We devote the present subsection on the infinitesimal versions of the mutual actions of a matched
pair (G,H) of Lie groupoids, over a base manifold B.
To this end, let h ∈ H , and let xt ∈ G be a curve so that βH(h) = αG(xt) = b ∈ B. Since
the curve has a constant source, its derivative at t = 0 qualifies as a Lie algebroid element, which
we denote by X ∈ AbG. Now, using the left action, we define the curve xt := h ⊲ xt ∈ G, whose
source is constant as well; α(h ⊲ x(t)) = α(h) = c ∈ B. As such, the time derivative (at t = 0)
of the latter also lies in the kernel of the tangent mapping of the source map, and we arrive at the
element
(3.17) h ⊲ X :=
d
dt

t=0
(h ⊲ xt) ∈ AcG.
On the other hand, the right action allows us to define the curve h ⊳ xt ∈ H which passes through
h ∈ H at t = 0 by (3.7). We note that the source of the curve h ⊳ xt ∈ H is not necessarily constant,
and that its time derivative
(3.18) X†(h) = h ⊳ X := d
dt

t=0
(h ⊳ xt) ∈ ThH
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may not be inAcH .
Let, next, yt ∈ H be a curve with constant source, say αH (yt) = c = αG(g) ∈ B for some
g ∈ G, and thus generating a Lie algebroid element Y ∈ AcH . Then the left infinitesimal action
ofAH on G is defined as
(3.19) Y†(g) := d
dt

t=0
y
−1
t ⊲ g ∈ TgG.
Similarly, the right action of G on H can be lifted to the right action of G on AH as follows.
Starting with the curve yt ∈ H , we define the curve (y−1t ⊳ g)−1 ∈ H . The source of the latter
curve is constant, hence, at t = 0 the curve is tangent to an element in AcH , which is given by
(3.20) Y ⊳ g :=
d
dt

t=0
(y−1t ⊳ g)−1 ∈ AcH .
3.4. Lie algebroid of a matched pair Lie groupoid.
In Subsection 2.2.2, we have seen how a Lie algebroid is associated to a Lie groupoid. In the
present subsection, we shall revisit this construction for a matched Lie groupoid, say G ⊲⊳ H to
arrive at the Lie algebroidA(G ⊲⊳ H). We shall conclude with the explicit isomorphism between
A(G ⊲⊳ H) and the matched pair Lie algebroidAG ⊲⊳ AH .
To begin with, let G ⊲⊳ H be a matched pair of Lie groupoids, X ∈ AbG, and Y ∈ AbH ;
that is, let there be curves xt ∈ G and yt ∈ H so that α(xt) = b = α(yt), and that x0 = εG(b) ∈ G
with y0 = εH(b) ∈ H . In view of Proposition 3.1, the (groupoid) embeddings
G −→ G ⊲⊳ H, xt 7→ (xt, (εH ◦ β)(xt))(3.21)
H −→ G ⊲⊳ H, yt 7→ (εG(b), yt).(3.22)
induce morphisms
AbG −→ Ab(G ⊲⊳ H), X 7→ (X,T(εH ◦ β)(X))(3.23)
AbH −→ Ab(G ⊲⊳ H), Y 7→ (θεG(b),Y )(3.24)
of Lie algebroids. Furthermore, we have the following proposition, see [40, Prop. 5.1].
Proposition 3.3. Given two Lie groupoids G andH over the same base B, the map
(3.25) AbG ⊕ AbH → Ab(G ⊲⊳ H), (X,Y) 7→ (X,T(εH ◦ β)(X) + Y).
is an isomorphism.
Proof. Let (xt, zt) ∈ G ⊲⊳ H be a curve such that α(xt) = b ∈ B, and that β(xt) = α(zt). Let also
Ûx0 = X ∈ AbG, and Ûz0 = Z ∈ TεH(b)H . Multiplying both sides of
((εG ◦ β)(zt), z−1t )(x−1t , εH (b))(xt, zt) = ((εG ◦ β)(zt), (εH ◦ β)(zt)).
by ((εG ◦ α)(zt), zt) ∈ G ⊲⊳ H , from the left, we obtain
(x−1t , εH (b))(xt, zt) = ((εG ◦ α)(zt), zt).
Differentiating the latter equality, while keeping the product rule in mind, we arrive at(
d
dt

t=0
(x−1t , εH (b))
)
+
(
d
dt

t=0
(xt, zt)
)
=
(
d
dt

t=0
((εG ◦ α)(zt), zt)
)
,
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that is,
(3.26)
(
d
dt

t=0
(xt, zt)
)
=
(
d
dt

t=0
((εG ◦ α)(zt), zt)
)
−
(
d
dt

t=0
(x−1t , εH (b))
)
.
On the other hand, differentiating
(x−1t , εH (b))(xt, (εH ◦ β)(xt)) = ((εG ◦ β)(xt), (εH ◦ β)(xt)),
we obtain(
d
dt

t=0
(x−1t , εH (b))
)
+
(
d
dt

t=0
(xt, (εH ◦ β)(xt))
)
=
(
d
dt

t=0
((εG ◦ β)(xt), (εH ◦ β)(xt))
)
,
that is,
(3.27)(
d
dt

t=0
(x−1t , εH (b))
)
=
(
d
dt

t=0
((εG ◦ β)(xt), (εH ◦ β)(xt))
)
−
(
d
dt

t=0
(xt, (εH ◦ β)(xt))
)
.
Now, (3.26) and (3.27) together imply(
d
dt

t=0
(xt, zt)
)
=(
d
dt

t=0
(xt, (εH ◦ β)(xt))
)
+
(
d
dt

t=0
((εG ◦ α)(zt), zt)
)
−
(
d
dt

t=0
((εG ◦ β)(xt), (εH ◦ β)(xt))
)
=(
d
dt

t=0
(xt, (εH ◦ β)(xt))
)
+
(
d
dt

t=0
((εG ◦ β)(xt), zt)
)
−
(
d
dt

t=0
((εG ◦ β)(xt), (εH ◦ β)(xt))
)
,
where, on the second equality we used the fact that β(xt) = α(zt). Hence, we see at once that(
d
dt

t=0
(xt, zt)
)
−
(
d
dt

t=0
(xt, (εH ◦ β)(xt))
)
=(
d
dt

t=0
((εG ◦ β)(xt), zt)
)
−
(
d
dt

t=0
((εG ◦ β)(xt), (εH ◦ β)(xt))
)
=
(θεG(b), Z − T(εH ◦ β)(X)) ∈ Ab(G ⊲⊳ H).
As a result, Z−T(εH ◦ β)(X) ∈ TεH(b)H is the derivative, at t = 0, of a curve yt ∈ H with α(yt) = b;
that is, Z − T(εH ◦ β)(X) ∈ AbH . In other words, the mapping
A(G ⊲⊳ H) −→ AG ⊕ AH, (X, Z) 7→ (X, Z − T(εH ◦ β)(X))
is well-defined, and makes the inverse of (3.25). 
The next example illustrates the isomorphism(3.25) for the matched pair (M × G, M × M)
of the action Lie groupoid of Example 2.2 and the coarse groupoid M × M of Example 2.3.
Example 3.4. Let (θm, ξ; ξ†(m),Y ) ∈ Am((M × G) ⊲⊳ (M × M)) be a generic element obtained by
the differentiation at t = 0 of a curve (m, gt;mgt, nt) ∈ (M × G) ⊲⊳ (M × M) of constant source,
with g0 = e ∈ G, n0 = m, Ûg0 = ξ ∈ g and Ûn0 = Y ∈ TmM . Similarly, the inclusion
M × G ∋ (m, gt) 7→ (m, gt; (εM×M ◦ β)(m, gt)) = (m, gt;mgt, mgt)) ∈ (M × G) ⊲⊳ (M × M)
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yields
Am(M × G) ∋ (θm, ξ) 7→ (θm, ξ; ξ†(m), ξ†(m)) ∈ Am((M × G) ⊲⊳ (M × M)),
while
M × M ∋ (m, nt) 7→ (m, e;m, nt)) ∈ (M × G) ⊲⊳ (M × M)
leads to
Am(M × M) ∋ (θm, X) 7→ (θm, θ; θm, X) ∈ Am((M × G) ⊲⊳ (M × M)).
As a result, we see that (3.25) takes the form
Am(M × G) ⊕ Am(M × M) ∋ (θm, ξ) ⊕ (θm, X) 7→
(θm, ξ; ξ†(m), X + ξ†(m)) ∈ Am((M × G) ⊲⊳ (M × M)).
(3.28)
3.5. Left and right invariant vector fields on matched pairs of Lie groupoids.
In this subsection we shall determine the nature of the left invariant (resp. the right invariant)
vector fields on a matched pair Lie groupoid.
Proposition 3.5. Let G ⊲⊳ H be a matched pair Lie groupoid over a base manifold B. Then, the
left invariant vector field corresponding to U ∈ Ab(G ⊲⊳ H) is given by
(3.29)
←−
U (g, h) = (←−−−h ⊲ X(g), X†(h) +←−Y (h)),
where g ∈ G, h ∈ H , so that β(h) = b, and X ∈ AbG, Y ∈ AbH .
Proof. In view of the isomorphism 3.3, any U ∈ Ab(G ⊲⊳ H) may be written as
U = (X,T(ε ◦ β)(X)) + (θεG(b),Y )
for some X ∈ AbG, and Y ∈ AbH . As such,
←−
U (g, h) =←−−−−−−−−−−−−−−(X,T(ε ◦ β)(X))(g, h) +←−−−−−−−(θεG(b),Y )(g, h).
More precisely, assuming α(xt) = β(h), we have
←−−−−−−−−−−−−−−(X,T(ε ◦ β)(X))(g, h) = d
dt

t=0
(g, h)(xt, (εH ◦ β)(xt)) =
d
dt

t=0
(g(h ⊲ xt), (h ⊳ xt)(εH ◦ β)(xt)) =
d
dt

t=0
(g(h ⊲ xt), (h ⊳ xt)) = (←−−−h ⊲ X(g), h ⊳ X) = (←−−−h ⊲ X(g), X†(h)).
Similarly, assuming β(yt) = α(g) and β(h) = b = α(yt), we have
←−−−−−−−(θεG (b),Y )(g, h) =
d
dt

t=0
(g, h)(εG(b), yt) = d
dt

t=0
(g(h ⊲ εG(b)), (h ⊳ εG(b))yt) =
d
dt

t=0
(gεG(α(h)), hyt) = (θg,←−Y (h)).
The result follows. 
The right analogue is given by the following proposition.
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Proposition 3.6. Let G ⊲⊳ H be a matched pair of Lie groupoids over a base manifold B. Then,
the right invariant vector field corresponding to U ∈ Ab(G ⊲⊳ H) is given by
(3.30)
−→
U (g, h) = (−→X (g) − Y†(g),−−−→Y ⊳ g(h)),
where g ∈ G, so that α(g) = b, h ∈ H , X ∈ AbG, and Y ∈ AbH .
Proof. This time we have for any U ∈ Ab(G ⊲⊳ H) that
−→
U (g, h) = −−−−−−−−−−−−−−→(X,T(ε ◦ β)(X))(g, h) + −−−−−−−→(θεG(b),Y )(g, h).
Accordingly, assuming α(xt) = b = α(g),
−−−−−−−−−−−−−−→(X,T(ε ◦ β)(X))(g, h) = − d
dt

t=0
(xt, (εH ◦ β)(xt))−1(g, h) =
− d
dt

t=0
((εH ◦ β)(xt)−1 ⊲ x−1t , (εH ◦ β)(xt)−1 ⊳ x−1t )(g, h) =
− d
dt

t=0
(x−1t , εH(b))(g, h) = −
d
dt

t=0
(x−1t (εH(b) ⊲ g), (εH(b) ⊳ g)h) =
− d
dt

t=0
(x−1t g, h) = (
−→
X (g), θh),
and
−−−−−−−→(θεG(b),Y)(g, h) = −
d
dt

t=0
(εG(b), yt)−1(g, h) =
− d
dt

t=0
(y−1t ⊲ εG(b)−1, y−1t ⊳ εG(b)−1)(g, h) =
− d
dt

t=0
((εG ◦ β)(yt), y−1t )(g, h) =
− d
dt

t=0
((εG ◦ β)(yt)(y−1t ⊲ g), (y−1t ⊳ g)h) =
− d
dt

t=0
(y−1t ⊲ g, (y−1t ⊳ g)h) = (−Y†(g),
−−−→
Y ⊳ g(h)).
The result follows. 
Example 3.7. Let us now derive the left (resp. right) invariant vector fields on (M×G) ⊲⊳ (M ×M)
in view of the isomorphism (3.28).
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Given (m, g;mg, n) ∈ (M × G) ⊲⊳ (M × M) and (θn, ξ; ξ†(n),Y ) ∈ An((M × G) ⊲⊳ (M × M)),
we have
←−−−−−−−−−−−−
(θn, ξ; ξ†(n),Y )(m, g;mg,n)) =
d
dt

t=0
(m, g;mg, n)(n, et ; net, nt) =
d
dt

t=0
(
(m, g)((mg, n) ⊲ (n, et)); ((mg, n) ⊳ (n, et))(net, nt)) =
d
dt

t=0
(
(m, g)(mg, et); (mget, net)(net, nt)
)
=
d
dt

t=0
(
m, get;mget, nt
)
=
(θm,←−ξ (g); ξ†(mg),Y ).
Similarly, for (m, g;mg, n) ∈ (M ×G) ⊲⊳ (M ×M) and (θm, ξ; ξ†(m),Y ) ∈ Am((M ×G) ⊲⊳ (M ×M)),
−−−−−−−−−−−−−→
(θm, ξ; ξ†(m),Y )(m, g;mg, n) =
− d
dt

t=0
(m, et ;met, nt)−1(m, g;mg, n) =
− d
dt

t=0
(
(met, nt)−1 ⊲ (m, et)−1; (met, nt)−1 ⊳ (m, et)−1
)
(m, g;mg,n) =
− d
dt

t=0
(
(nt, met) ⊲ (met, e−1t ); (nt, met) ⊳ (met, e−1t )
)
(m, g;mg,n) =
− d
dt

t=0
(
nt, e
−1
t ; nte
−1
t , m
)
(m, g;mg, n) =
− d
dt

t=0
(
(nt, e−1t )
((nte−1t , m) ⊲ (m, g)); ((nte−1t , m) ⊳ (m, g))(mg, n)) =
− d
dt

t=0
(
(nt, e−1t )(nte−1t , g); (nte−1t g, mg)(mg, n)
)
=
− d
dt

t=0
(
nt, e
−1
t g; nte
−1
t g, n
)
= (−Y,−→ξ (g); (Y − ξ†(m)) ⊳ g, θn).
On the other hand, in view of (3.28), for any (m, g;mg,n) ∈ (M × G) ⊲⊳ (M × M), and
(θn, ξ; ξ†(n),Y ) = (θn, ξ; ξ†(n), ξ†(n)) + (θn, θ; θn, X) ∈ An((M × G) ⊲⊳ (M × M)),
we have
←−−−−−−−−−−−−
(θn, ξ; ξ†(n),Y )(m, g;mg, n) =
←−−−−−−−−−−−−−−−−
(θn, ξ; ξ†(n), ξ†(n))(m, g;mg, n) +
←−−−−−−−−−−(θn, θ; θn, X)(m, g;mg, n) =
(θm,←−ξ (g); ξ†(mg), ξ†(n)) + (θm, θg; θmg, X) =
(θm,←−ξ (g); ξ†(mg), ξ†(n) + X),
and for any
(θm, ξ; ξ†(m),Y ) = (θm, ξ; ξ†(m), ξ†(m)) + (θm, θ; θm, Z) ∈ Am((M × G) ⊲⊳ (M × M)),
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we obtain
−−−−−−−−−−−−−→
(θm, ξ; ξ†(m),Y )(m, g;mg,n) =
−−−−−−−−−−−−−−−−−−→
(θm, ξ; ξ†(m), ξ†(m))(m, g;mg, n) +
−−−−−−−−−−−→(θm, θ; θm, Z)(m, g;mg, n) =
(−ξ†(m),−→ξ (g); θmg, θn) + (−Z, θg;−Z ⊳ g, θn) =
(−ξ†(m) − Z,−→ξ (g);−Z ⊳ g, θn).
Remark 3.8. We can relate the above calculations to the left (resp. right) invariant vector fields
on the trivial groupoids as follows. The (groupoid) isomorphism (3.14) induces the isomorphism
(3.15) on the level of Lie algebroids. Hence, it induces an isomorphism on the level of left (resp.
right) invariant vector fields. Indeed,
←−−−−−−−−−−−−
(θn, ξ; ξ†(n),Y )(m, g;mg,n) =
←−−−−−−−−−−−AnΦ(θn, ξ,Y )(m, g;mg, n)
d
dt

t=0
(m, g;mg, n)(n, et ; net, nt) =
d
dt

t=0
Φ(m, g, n)Φ(n, et, nt) =
d
dt

t=0
Φ
((m, g, n)(n, et, nt)) =
T(m,g,n)Φ
(←−−−−−−(θn, ξ,Y )(m, g, n)) .
Similarly,
−−−−−−−−−−−−−→
(θm, ξ; ξ†(m),Y )(m, g;mg,n) =
−−−−−−−−−−−−→AmΦ(θm, ξ,Y )(m, g;mg, n)
− d
dt

t=0
(n, et ; net, nt)−1(m, g;mg, n) =
d
dt

t=0
Φ
((n, et, nt)−1)Φ(m, g, n) = d
dt

t=0
Φ
((n, et, nt)−1(m, g, n)) =
T(m,g,n)Φ
(−−−−−−−→(θm, ξ,Y)(m, g, n)) .
4. Discrete dynamics on matched pairs
4.1. Discrete Euler-Lagrange equations.
We shall recall briefly the discrete Euler-Lagrange equations from [32, Subsect. 4.1]. Let G
be a Lie groupoid, and AG be its associated Lie algebroid. For any fixed g ∈ G and N > 1, GN
being the N times cartesian product of G, the set
CN
g
=
{(g1, ..., gN) ∈ GN | (gk, gk+1) ∈ G ∗ G, 1 6 k 6 N − 1, g1...gN = g}
is called the set of admissible sequences with values in G.
On the other hand, a discrete Lagrangian is defined as a function L : G → R, and the discrete
action sum associated to it is given by
(4.1) SL : CN
g
→ R, (g1, ..., gN) 7→
N∑
k=1
L (gk) .
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Now the discrete Hamilton’s principle may be recalled, from [50], as follows. Given g ∈ G and
N > 1, an admissible sequence (g1, ..., gN) is a solution of the Lagrangian system if and only if
(g1, ..., gN) ∈ CNg is a critical point of (4.1). So, along the lines of [32], one arrives at the discrete
Euler-Lagrange equations
N−1∑
k=1
[←−X k (gk) (L) − −→X k (gk+1) (L)] = 0,
for any Xk ∈ Γ(AG). In particular, for N = 2, the discrete Euler-Lagrange equations are given by
(4.2)
←−
X (g1) (L) − −→X (g2) (L) = 0
for every section X ∈ Γ(AG).
We review below the examples discussed in [32].
Example 4.1. Let M ×M be the coarse (pair) groupoid of Example 2.3, whose left invariant vector
fields (resp. the right invariant vector fields) correponding to the Lie algebroid of M × M were
obtained in Example 2.9.
Now, given a discrete Lagrangian L : M × M → R, the discrete Euler-Lagrange equations
(4.2) takes the particular form
←−
X (x, y)(L) − −→X (x, y)(L) = 0.(4.3)
In terms of the total derivatives on the product manifold M × M , the discrete Euler-Lagrange
equations may be rewritten as
D2L(x, y) + D1L(y, z) = 0,(4.4)
see also [37].
Example 4.2. Let G be a Lie group (with the Lie algebra g), considered as a groupoid over the
identity {e}. We recall that the left invariant and the right invariant vector fields corresponding to
the Lie algebroid g of G coincides with the left invariant and the right invariant vector fields on G.
Now, given a discrete Lagrangian density L : G → R the discrete Euler-Lagrange equations
are given by
(4.5)
←−
ξ (gk)(L) − −→ξ (gk+1)(L) = 0,
or equivalently
〈dL(gk ),←−ξ (gk)〉 − 〈dL(gk+1),−→ξ (gk+1)〉 =
〈dL(gk ),Teℓgk (ξ)〉 − 〈dL(gk+1),Tergk+1(ξ)〉 =
〈T∗e ℓgk (dL(gk)) − T∗e rgk+1(dL(gk+1)), ξ〉 = 0,
for any ξ ∈ g, and any gk, gk+1 ∈ G. As such, the discrete Euler-Lagrange equations may be written
by
(4.6) T∗e ℓgk (dL(gk )) − T∗e rgk+1(dL(gk+1)) = 0
Following [32], we set
µk :=
(
r∗
gk
dL
)
(e) .
22 OĞUL ESEN AND SERKAN SÜTLÜ
Then (4.2) takes the form
T∗e ℓgk (dL(gk )) − T∗e rgk+1(dL(gk+1)) = T∗e ℓgk (dL(gk )) − µk+1 =
T∗e ℓgkT
∗
e (rgk ◦ rgk−1)(dL(gk )) − µk+1 = T∗e ℓgkT∗e rgk−1T∗e rgk (dL(gk )) − µk+1 =
T∗e ℓgkT
∗
e rgk−1(µk) − µk+1 = Ad∗g−1
k
(µk) − µk+1 = 0.
In other words,
µk+1 = Ad
∗
g
−1
k
(µk),
called the discrete Euler-Lagrange equations, see also [2, 34, 35].
Remark 4.3. We note for the adjoint action Ad : G × g → g, (g, ξ) 7→ Adg(ξ) =: g ⊲ ξ that
〈µ,Adg(ξ)〉 = 〈µ, g ⊲ ξ〉 = 〈µ ∗⊳ g, ξ〉 = 〈g−1 ∗⊲ µ, ξ〉 = 〈Ad∗
g−1(µ), ξ〉.
Example 4.4. Let M × G be the action Lie groupoid of Example 2.2, with the left invariant and
the right invariant vector fields as in Example 2.10.
Given a Lagrangian L : M×G → R, the sequence ((m, gk), (mgk, gk+1)) ∈ (M×G)∗(M ×G)
is a solution of the discrete Euler-Lagrange equations if
←−−−−(θm, ξ) (m, gk) (L) −
−−−−→(θm, ξ) (m · gk, gk+1) (L) = 0,
for any ξ ∈ g. Equivalently,(
Teℓgk
) (ξ) (Lm) − (Tergk+1 ) (ξ) (Lmgk ) + ξ† (mgk) (Lgk+1 ) = 0,
where Lm : G → R is the map given by Lm(g) := L(m, g), and similarly Lg : M → R is the one
given by Lg(m) := L(m, g).
Setting µk (m, gk) = d(Lm ◦ rgk ) (e) as above, the discrete Euler-Lagrange equations appear
to be
µk+1 (m · gk, gk+1) = Ad∗gk µk (m, gk) + d
(
Lgk+1 ◦ ((m · gk) ·)
) (e) ,
where (m · gk) · : G → M is given by (m · gk) · (g) := m · (gkg).
If, in particular, M is the orbit space of a representation of G on V , then the corresponding
equations were first obtained in [2, 3], and they are called the discrete Euler-Poincaré equations.
Example 4.5. Let M × G × M be the trivial groupoid of Example 2.4, whose left invariant and
right invariant vector fields are obtained in Example 2.11. Accordingly, given a Lagrangian
L : M × G × M → R, together with (mk, gk, nk), (mk+1, gk+1, nk+1) ∈ M × G × M with
β(mk, gk, nk) = nk = mk+1 = α(mk+1, gk+1, nk+1),
the discrete Euler-Lagrange equations are given by
(θmk,
←−
ξ (gk), X)(L) − (−X,−→ξ (gk+1), θnk+1)(L) = 0.
Setting µk = T∗rgk d2L(mk, gk, nk), the discrete Euler-Lagrange equations appear as
(4.7) 〈X, d1L(nk, gk+1, nk+1) + d3L(mk, gk, nk)〉 +
〈
ξ,Ad∗
g
−1
k
(µk) − µk+1
〉
= 0,
where, for 1 6 i 6 3, di stands for the derivative with respect to the ith variable.
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4.2. Discrete dynamics on matched pairs of Lie groupoids.
In this section, we shall rewrite the discrete Euler-Lagrange equations (4.2) for a matched pair Lie
groupoid, that is,
(4.8)
←−
U (gk, hk) (L) − −→U (gk+1, hk+1) (L) = 0,
generated by the Lagrangian L : G ⊲⊳ H → R. In view of (3.29) and (3.30), the equation 4.8 takes
the form
(4.9)
(←−−−−
hk ⊲ X(gk), X†(hk) +←−Y (hk)
)
(L) −
(−→
X (gk+1) − Y†(gk+1),−−−−−−→Y ⊳ gk+1(hk+1)
)
(L) = 0.
As such, we arrive at the following proposition.
Proposition 4.6. Given a matched pair (G,H) of Lie groupoids, the discrete Euler-Lagrange
equations on the matched pair groupoid G ⊲⊳ H generated by the Lagrangian L : G ⊲⊳ H → R is
given by
(4.10)
←−−−−
hk ⊲ X(gk)(L)−−→X (gk+1)(L)+Y †(gk+1)(L)+X†(hk)(L)+←−Y (hk)(L)−−−−−−−→Y ⊳ gk+1(hk+1)(L) = 0.
In particular, considering the left action ofH on G to be trivial, the equation (4.10) reduces
to
(4.11)
←−
X (gk)(L) − −→X (gk+1)(L) + X†(hk)(L) +←−Y (hk)(L) − −−−−−−→Y ⊳ gk+1(hk+1)(L) = 0.
Similarly, considering this time the right action of G onH to be trivial, the equation (4.10)
takes the form of
(4.12)
←−−−−
hk ⊲ X(gk)(L) − −→X (gk+1)(L) + Y†(gk+1)(L) +←−Y (hk)(L) − −→Y (hk+1)(L) = 0.
If both actions are trivial, then the equation (4.10) simplifies to
←−
X (gk)(L) − −→X (gk+1)(L) +←−Y (hk)(L) − −→Y (hk+1)(L) = 0.
We conclude the present section with yet another particular case of (4.2) , or of (4.8), for a
matched pair of Lie groups (regarded as Lie groupoids) to analyse the discerete dynamics on Lie
groups from the matched pair point of view.
4.3. Discrete dynamics on matched pairs of Lie groups.
Let G and H be two Lie groups with mutual actions
ρ : H × G → G, (h, g) 7→ h ⊲ g,(4.13)
σ : H × G → H, (h, g) 7→ h ⊳ g,(4.14)
where h, h1, h2 ∈ H, g, g1, g2 ∈ G, eH is the identity element in H, and eG is the identity element
in G. If the actions (4.13)-(4.14) satisfy
h ⊲ (g1g2) = (h ⊲ g1) ((h ⊳ g1) ⊲ g2) ,(4.15)
(h1h2) ⊳ g = (h1 ⊳ (h2 ⊲ g)) (h2 ⊳ g) ,(4.16)
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then the pair (G, H) is called a mathed pair of Lie groups, [28, 29]. In this case, the cartesian
product G × H may be equipped with the group structure given by the multiplication
(g1, h1)(g2, h2) = (g1 (h1 ⊲ g2) , (h1 ⊳ g2) h2) = (g1ρ (h1, g2) , σ (h1, g2) h2) ,
and the unit element (eG, eH). This matched pair group is denoted by G ⊲⊳ H. Conversely, if a Lie
group M is a cartesian product of two subgroups G ֒→ M ←֓ H, and if the multiplication on M
defines a bijection G × H → M , then M is a matched pair, that is, M  G ⊲⊳ H. In this case, the
mutual actions are derived from
(4.17) h · g = (h ⊲ g) (h ⊳ g) ,
for any g ∈ G, and any h ∈ H. Let us also record here the inversion in G ⊲⊳ H as
(4.18) (g, h)−1 =
(
h−1 ⊲ g−1, h−1 ⊳ g−1
)
.
for later use.
We next consider the lifting of the group actions to the Lie algebra level. As for the left
action, we have
H × g −→ g, (h, ξ) 7→ h ⊲ ξ := d
dt

t=0
h ⊲ xt,(4.19)
h × G −→ TG, (η, g) 7→ η†(g) := η ⊲ g := d
dt

t=0
yt ⊲ g,(4.20)
where g denotes the Lie algebra of the Lie group G, as h stands for the Lie algebra of H, xt ∈ G is
a curve passing through the identity at t = 0 in the direction of ξ ∈ g, and finally yt ∈ H is a curve
passing through the identity in the direction of η ∈ h.
Freezing the group element in (4.19), we arrive at a linear mapping h ⊲ : g → g for any
h ∈ H. We shall denote the transpose of this mapping by ∗⊳ h : g∗ → g∗, which is given by
(4.21) 〈h ⊲ ξ, µ〉 = 〈ξ, µ ∗⊳ h〉,
for any µ ∈ g∗, where the pairing is the one between g∗ and g.
Similarly, freezing the group element in (4.20), we arrive at a linear operator bg : h 7→ TgG,
given by bg(η) := η ⊲ g. The transpose of this mapping shall be denoted by b∗g : T∗g G 7→ h∗, and it
is given by
(4.22) 〈η ⊲ g, µg〉 = 〈bg(η), µg〉 = 〈η, b∗g(µg)〉,
for any µg ∈ T∗g G.
Now on the other hand, for the right G action on H, we have the maps
h × G −→ h, (η, g) 7→ η ⊳ g := d
dt

t=0
yt ⊳ g,(4.23)
H × g −→ TH, (h, ξ) 7→ ξ†(h) := h ⊳ ξ := d
dt

t=0
h ⊳ xt .(4.24)
Similar to above, freezing the group element in (4.23) we arrive at a linear mapping ⊳ g : h → h
for any g ∈ G. The transpose of this map will be denoted by g ∗⊲ : h∗ → h∗, and it is defined by
(4.25) 〈η ⊳ g, ν〉 = 〈η, g ∗⊲ ν〉,
MATCHED PAIRS OF DISCRETE DYNAMICAL SYSTEMS 25
for any ν ∈ h∗, where the pairing is the one between h∗ and h.
Finally, freezing the group element in (4.24) we obtain amapping ah : g 7→ ThH, ah(ξ) = h⊳ξ
for any ξ ∈ g. The transpose a∗
h
: T∗
h
H 7→ g∗ of this linear mapping will be given by
(4.26) 〈h ⊳ ξ, νh〉 = 〈ah(ξ), νh〉 = 〈ξ, a∗h(νh)〉,
for any νh ∈ T∗h H.
We note also that if G ⊲⊳ H is a matched pair Lie group, then its Lie algebra is the matched
pair Lie algebra g ⊲⊳ h. That is, the induced actions
⊲ : h ⊗ g → g and ⊳ : h ⊗ g → h
of the Lie algebras satisfy
(4.27) η ⊲ [ξ1, ξ2] = [η ⊲ ξ1, ξ2] + [ξ1, η ⊲ ξ2] + (η ⊳ ξ1) ⊲ ξ2 − (η ⊳ ξ2) ⊲ ξ1
and
(4.28) [η1, η2] ⊳ ξ = [η1, η2 ⊳ ξ] + [η1 ⊳ ξ, η2] + η1 ⊳ (η2 ⊲ ξ) − η2 ⊳ (η1 ⊲ ξ),
for any η, η1, η2 ∈ h, and any ξ, ξ1, ξ2 ∈ g. Such a pair (g, h) is called a matched pair of Lie algebras,
and the Lie algebra structure on g ⊲⊳ h := g ⊕ h is given by
(4.29) [(ξ1, η1), (ξ2, η2)] = ([ξ1, ξ2] + η1 ⊲ ξ2 − η2 ⊲ ξ1, [η1, η2] + η1 ⊳ ξ2 − η2 ⊳ ξ1) .
It is immediate that both g and h are Lie subalgebras of g ⊲⊳ h via the obvious inclusions. Conversely,
given a Lie algebra m with two subalgebras g ֒→ m ←֓ h, if m  g ⊕ h via (ξ, η) 7→ ξ + η, then
m  g ⊲⊳ h as Lie algebras. In this case, the mutual actions of the Lie algebras are uniquely
determined by
[η, ξ] = (η ⊲ ξ, η ⊳ ξ).
On the other hand, there are integrability conditions under which a matched pair of Lie algebras
can be integrated into a matched pair of Lie groups. For a discussion of this direction we refer the
reader to [27, Sect. 4].
We shall also need the adjoint action of the matched pair Lie group G ⊲⊳ H on its Lie algebra
g ⊲⊳ h. For any (g, h) ∈ G ⊲⊳ H, and any (ξ, η) ∈ g ⊲⊳ h, we recall from [12, (2.30)] that
(4.30) Ad(g,h)−1(ξ, η) = (h−1 ⊲ ζ,Th−1rh(h−1 ⊳ ζ ) + Adh−1(η ⊳ g))
where ζ := Adg−1(ξ) + TgLg−1(η ⊲ g) ∈ g.
Furthermore, the tangent lifts of the left and right regular actions of G ⊲⊳ H are given in [13,
(2.54)&(2.55)] as
T(g2,h2)L(g1,h1)
(
Ug2,Vh2
)
=
(
Th1⊲g2Lg1
(
h1 ⊲ Ug2
)
, Th1⊳g2Rh2
(
h1 ⊳ Ug2
)
+ Th2L(h1⊳g2)Vh2
)
,
T(g1,h1)R(g2,h2)
(
Ug1,Vh1
)
=
(
Tg1R(h1⊲g2)Ug1 + Th1⊲g2Lg1
(
Vh1 ⊲ g2
)
,Th1⊳g2Rh2
(
Vh1 ⊳ g2
) )
.
We can thus compute the left and right invariant vector fields generated by a Lie algebra element
(ξ, η) ∈ g ⊲⊳ h as
←−−−(ξ, η)(g, h) = T(eG,eH )L(g,h) (ξ, η) = (
←−−−
h ⊲ ξ(g), h ⊳ ξ +←−η (h)),(4.31)
−−−→(ξ, η)(g, h) = T(eG,eH )R(g,h) (ξ, η) = (
−→
ξ (g) + η ⊲ g,−−−→η ⊳ g(h)).(4.32)
26 OĞUL ESEN AND SERKAN SÜTLÜ
Recalling the discrete Euler-Lagrange equations (4.5), discrete dynamics on G ⊲⊳ H generated by
a Lagrangian function L : G ⊲⊳ H → R is then given by
←−−−(ξ, η)(gk, hk)(L) −
−−−→(ξ, η)(gk+1, hk+1)(L) = 0.(4.33)
Let now the exterior derivative of the Lagrangian L : G ⊲⊳ H → R be a two-tuple (d1L, d2L),
where d1L denotes the derivative with respect to group variable g ∈ G whereas d2L denotes the
derivative with respect to group variable h ∈ H. Then, in view of the left and right invariant vector
fields (4.31) - (4.32), we arrive at〈←−−−−
hk ⊲ ξ(gk), d1L(gk, hk)
〉
+ 〈hk ⊳ ξ, d2L(gk, hk)〉 +
〈←−η (hk), d2L(gk, hk)〉
−
〈−→
ξ (gk+1), d1L(gk+1
〉
− 〈η ⊲ gk+1, d1L(gk+1)〉 −
〈−−−−−−→η ⊳ gk+1(hk+1), d2L(gk+1, hk+1)〉 = 0.
It is possible to single out ξ ∈ g and η ∈ h from these equations, that is,〈
ξ,
(
T∗Lgk · d1L(gk, hk)
) ∗
⊳ hk + a
∗
hk
d2L(gk, hk) − T∗Rgk+1 · d1L(gk+1, hk+1)
〉
+
〈
η,T∗Lhk · d2L(gk, hk) − b∗gk+1d1L(gk+1, hk+1) − gk+1
∗
⊲ T∗Rhk+1 · d2L(gk+1, hk+1)
〉
= 0.
Proposition 4.7. In particular, taking the covectors
T∗Rgk · d1L(gk, hk) = µk ∈ g∗, T∗Rhk · d2L(gk, hk) = νk ∈ h∗,
the discrete Euler-Lagrange equations on the matched pair Lie group G ⊲⊳ H can be written as
(4.34) Ad∗
g
−1
k
(µk) ∗⊳hk+a∗hk d2L(gk, hk)−µk+1+Ad
∗
h−1
k
(νk)−b∗gk+1d1L(gk+1, hk+1)−gk+1
∗
⊲νk+1 = 0.
Furthermore, when the (right) action ofG on H is trivial, we have the discrete Euler-Lagrange
equation
(4.35) Ad∗
g
−1
k
(µk) ∗⊳ hk − µk+1 + Ad∗h−1
k
(νk) − b∗gk+1d1L(gk+1, hk+1) − νk+1 = 0
on the semidirect product Lie group G ⋊ H.
On the other extreme, assuming the (left) action of H on G to be trivial, we arrive at the
equation
(4.36) Ad∗
g
−1
k
(µk) + a∗hkd2L(gk, hk) − µk+1 + Ad
∗
h−1
k
(νk) − gk+1 ∗⊲ νk+1 = 0
on the semidirect product Lie group G ⋉ H.
If both actions are trivial, then the equations reduce all the way down to
(4.37) Ad∗
g
−1
k
(µk) − µk+1 + Ad∗h−1
k
(νk) − νk+1 = 0.
5. Examples
5.1. Discrete dynamics on the trivial groupoid.
In this subsection we shall illustrate the discrete Euler-Lagrange equation on the trivial groupoid
of Example 2.4, regarded as the matched pair groupoid of the coarse (banal) groupoid of Example
2.3 and the action groupoid of Example 2.2. To this end, we first recall from Example 3.7 that
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given (m, g;mg, n) ∈ (M × G) ⊲⊳ (M × M) and (θn, ξ; ξ†(n),Y ) ∈ An((M × G) ⊲⊳ (M × M)), we
have ←−−−−−−−−−−−−
(θn, ξ; ξ†(n),Y )(m, g;mg, n) = (θn,←−ξ (g); ξ†(mg), ξ†(n) + X),
and similarly, for any (θm, ξ; ξ†(m),Y ) ∈ Am((M × G) ⊲⊳ (M × M)),
−−−−−−−−−−−−−→
(θm, ξ; ξ†(m),Y )(m, g;mg, n) = (−ξ†(m) − Z,−→ξ (g);−Z ⊳ g, θn).
Now, given (mk, gk ;mkgk, nk), (mk+1, gk+1;mk+1gk+1, nk+1) ∈ (M × G) ⊲⊳ (M × M), so that
β((mk, gk ;mkgk, nk)) = nk = mk+1 = α(mk+1, gk+1;mk+1gk+1, nk+1),
and a Lagrangian L : (M × G) ⊲⊳ (M × M) → R, the equation (4.10) yields
〈X(nk), d1L(nk, gk+1;mk+1gk+1, nk+1) + d4L(mk, gk ;mkgk, nk)〉 +〈
ξ, Ad∗
g
−1
k
µk − µk+1
〉
+
〈
ξ†(mkgk), d3L(mk, gk ;mkgk, nk)
〉〈
ξ†(nk), d1L(nk, gk+1;mk+1gk+1, nk+1) + d4L(mk, gk ;mkgk, nk)
〉
+
〈X(nk) ⊳ gk+1, d3L(nk, gk+1;mk+1gk+1, nk+1)〉 = 0
(5.1)
where µk = T∗rgk d2L(mk, gk ;mkgk, nk), and for 1 6 j 6 4, the operator d j denotes the derivative
with respect to the jth variable.
Remark 5.1. Let us note that the equations (5.1) above correspond to the discrete Euler-Lagrange
equations (4.7) on the trivial groupoid M ×G×M , under the isomorphism (3.14). More precisely,
on one hand we have
←−−−−−−−−−−−−
(θn, ξ; ξ†(n),Y )(m, g;mg,n) = (θm,←−ξ (g); ξ†(mg), ξ†(n) + X) =
d
dt

t=0
(m, get;mget, ntet) = d
dt

t=0
Φ(m, get, ntet) = TΦ
(
θm,
←−
ξ (g), ξ†(n) + X
)
=
TΦ
(←−−−−−−−−−−−−−−
(θn, ξ, ξ†(n) + X)(m, g, n)
)
,
where on the other hand,
−−−−−−−−−−−−−→
(θm, ξ; ξ†(m),Y )(m, g;mg, n) = (−ξ†(m) − Z,−→ξ (g);−Z ⊳ g, θn) =
− d
dt

t=0
(mtet, e−1t g;mtg, n) = −
d
dt

t=0
Φ(mtet, e−1t g, n) = TΦ
(
−ξ†(m) − Z,−→ξ (g), θn
)
=
TΦ
(−−−−−−−−−−−−−−−→
(θm, ξ, ξ†(m) + Z)(m, g, n)
)
.
The correspondence, then, follows at once.
5.2. Discrete Dynamics on SL(2,C) = SU(2) ⊲⊳ K .
In this subsection, we shall study the discrete Euler-Lagrange equations on the Lie group SL(2,C)
from the matched pair point of view. To this end, we shall first recall its decomposition
(5.2) SL(2,C) = SU(2) ⊲⊳ K
from [27], see also [12, 13], the group structures, the mutual actions of the groups SU(2) and K ,
together with their lifts.
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The group
(5.3) SU(2) =
{(
ω ϑ
−ϑ¯ ω¯
)
∈ SL(2,C) : |ω |2 + |ϑ|2 = 1
}
in the matched pair decomposition(5.2) is a universal double cover of the group SO (3). As such,
for each element A ∈ SU(2) there exists a unique matrix RotA ∈ SO(3). The Lie algebra su(2) of
the group SU(2) is the matrix Lie algebra
su(2) =
{−ι
2
(
t r − ιs
r + ιs −t
)
: r, s, t ∈ R
}
of traceless skew-hermitian matrices. Following [27] we fix three matrices
(5.4) e1 =
(
0 −ι/2
−ι/2 0
)
, e2 =
(
0 −1/2
1/2 0
)
, e3 =
( −ι/2 0
0 ι/2
)
as a basis of the Lie algebra su(2). We further make use of this to identify the matrix Lie algebra
su(2) with the Lie algebra R3 by the cross product;
(5.5) re1 + se2 + te3 ∈ su(2) ←→ X = (r, s, t) ∈ R3.
We also identify the dual space su(2)∗ of su(2)  R3 with R3 using the Euclidean dot product.
Using this dualization, we can express the coadjoint action of the Lie algebra su(2)  R3 on
su∗(2)  R3 as
(5.6) ad∗ : su(2) × su∗(2) → su∗(2), (X,Φ) 7→ ad∗XΦ := X × Φ,
for any X ∈ su(2)  R3, and any Φ ∈ su∗(2) ≃ R3.
The simply-connected group K , on the other hand, may be represented by
(5.7) K =
{
1√
1 + c
(
1 + c 0
a + ib 1
)
∈ SL(2,C) | a, b ∈ R and c > −1
}
where the group operation is the matrix multiplication. The Lie algebra K of the group K is thus
given by
(5.8) K =
{(
1
2c 0
a + ib −12 c
)
∈ sl (2,C) | a, b, c ∈ R
}
with matrix commutator being the Lie bracket. The group K can also be realised as a subgroup of
GL(3,R) as
(5.9) K =
©­«
1 + c 0 0
0 1 + c 0
−a −b 1
ª®¬ ∈ GL (3,R) | a, b ∈ R and c > −1
 ,
where the group operation is the matrix multiplication. In this case, its Lie algebra K is given by
(5.10) K =
©­«
c 0 0
0 c 0
−a −b 0
ª®¬ ∈ gl(3,R) | a, b, c ∈ R
 ,
where the Lie bracket is the matrix commutator. The group K can, alternatively, be identified with
the subspace
(5.11) K =
{(a, b, c) ∈ R3 | a, b ∈ R and c > −1}
of R3 with a non-standard multiplication
(a1, b1, c1) ∗ (a2, b2, c2) = (a1, b1, c1)(1 + c2) + (a2, b2, c2),
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in which case the Lie algebra K is R3 via the Lie bracket
(5.12) [Y1,Y2] = k × (Y1 × Y2),
where k is the unit vector (0, 0, 1) ∈ R3. In this case, using the dot product, we may identify the
dual space K∗ with R3 as well. Then, the coadjoint action of the Lie algebra K  R3 on its dual
space K∗  R3 can be computed as
(5.13) ad∗ : K × K∗ → K∗, (Y,Ψ) 7→ ad∗YΨ := (k · Y)Ψ − (Ψ · Y)k,
for any Y ∈ K ≃ R3, and any Ψ ∈ K∗ ≃ R3. The group isomorphisms relating (5.7), (5.9), and
(5.11) are given by
(5.14)
1√
1 + c
(
1 + c 0
a + ib 1
)
←→ ©­«
1 + c 0 0
0 1 + c 0
−a −b 1
ª®¬←→ (a, b, c).
The Lie algebra isomorphisms
(5.15)
(
1
2c 0
a + ιb −12 c
)
←→ ©­«
c 0 0
0 c 0
−a −b 0
ª®¬←→ (a, b, c)
between (5.8), (5.10) and (5.12) are then obtained by differentiating (5.14).
We now move on to the mutual actions of the groups SU(2) and K on each other. Given any
A ∈ SU(2), and any B ∈ K ⊂ SL(2,C), the left action of K on SU(2) is given by
(5.16) B ⊲ A =
BA ( 0 00 1 )−1
M
(
BA
(
0 0
0 1
)
+ B−†A
(
1 0
0 0
))
,
where B−† stands for the inverse of the conjugate transpose of B ∈ K , and ‖B‖2M = tr(B†B) refers
to the matrix norm on SL(2,C). The right action of SU(2) on K ⊂ R3, on the other hand, is
(5.17) B ⊳ A =
‖B‖2E
2 (c + 1)e3 + A
(
B − ‖B‖
2
E
2 (c + 1)e3
)
A−1,
where ‖•‖2E : R3 → R denotes the Euclidean norm, in view of the identification (5.14) of
B ∈ K ⊂ SL(2,C) with B ∈ K ⊂ R3.
Differentiating (5.16) with respect to A ∈ SU(2), and regarding B ∈ K ⊂ GL(3,R) via
(5.14), we obtain
(5.18) ⊲ : K × su (2) → su (2) , (B,X) 7→ B ⊲ X := BX,
for any X ∈ su (2)  R3. Freezing the group element here, we get a linear operator B⊲ : su (2) →
su (2). The transpose of this operator ∗⊲B : su∗ (2) → su∗ (2) is given by
(5.19) Φ
∗
⊳ B = BTΦ.
Similarly, the derivative of (5.17) with respect to A ∈ SU(2) renders the infinitesimal right action
of the Lie algebra su (2) on K as
(5.20) ⊳ : K × su (2) → TK, (B,X) 7→ B ⊳ X = TeK rB
(
X × B˜
)
,
where X ∈ su (2)  R3, and
B˜ :=
1
c + 1
B − ‖B‖
2
E
2(c + 1)2k
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identifying once again B ∈ K ⊂ SL(2,C) with B ∈ K ⊂ R3 via (5.14). Here, TeK rB is the tangent
lift of the right translation rB : K → K by B ∈ K , and it acts simply by the matrix multiplication
regarding X × B˜ ∈ K  R3  gl(3,R) via (5.15). Freezing the group element in (5.20) we arrive
at a linear operator aB : su (2) → TBK , the transpose of which is the operator a∗B : T∗BK → su∗ (2)
given by
(5.21) a∗B(ΨB) = T∗rB(ΨB) × B˜
for any ΨB ∈ T∗BK .
Next, the derivative of (5.16) with respect to B ∈ K at the identity, in the direction of
Y ∈ K ⊂ R3, yields
⊲ : K × SU(2) → TSU(2), Y ⊲ A = TrA
(
Y × (AdA(e3) − e3) ),(5.22)
where we consider AdA(e3) − e3 ∈ R3 to perform the vector product, then we view the resulting
element in SU(2), i.e. as a 2×2 complex matrix. Freezing the group element in (5.22), we obtain a
mapping bA : K → TASU(2). The transpose of this operator b∗A : T∗ASU(2) → K∗ is given explicitly
by
(5.23) b∗A(ΦA) =
(
AdA(e3) − e3
) × Tr∗AΦA.
Similarly, the derivative of (5.17) with respect to B ∈ K in the direction of Y ∈ K  R3 produces
⊳ : K × SU(2) → K, Y ⊳ A = RotA(Y),
and hence defines a linear mapping ⊳A : K → K, whose transpose A∗⊲ : K∗ → K∗ may be given by
(5.24) A
∗
⊲ Ψ := Rot∗AΨ,
for any Ψ ∈ K∗.
Now we are ready to write the discrete Euler-Lagrange equations on the matched pair Lie
group SL(2,C) = SU(2) ⊲⊳ K . Substituting(5.19), (5.21), (5.23), and (5.24) into (4.34), we
conclude that
BTk (Ad∗Ak Φk) + T
∗r Bk (d2L(Ak, Bk)) × B˜ − Φk+1+
Ad∗Bk Ψk −
(
AdAk+1(e3) − e3
) × T∗rAk+1(d1L(Ak+1, Bk+1)) − Rot∗Ak+1Ψk+1 = 0.
6. Conclusion and Discussions
In the present paper, we have studied the discrete dynamics on the matched pairs of Lie
groupoids. This enabled us to study the equations of motion governing two mutually interacting
discrete systems. More precisely, we have presented the discrete Euler-Lagrange equations on a
matched pair Lie groupoid as a sum of those over the individual Lie groupoids which are matched -
but enriched with the mutual actions. Taking advantage of the Lie groups being the quintessential
examples of Lie groupoids, in particular we have introduced the discrete Euler-Lagrange equations
on (matched pair) Lie groups.
In order to illustrate the theory, we have studied two concrete examples; the trivial Lie
groupoid, and the group SL(2,C).
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The trivial Lie groupoid is a matched pair of the action groupoid and the coarse groupoid.
In view of this observation we have realised the discrete Euler-Lagrange equations of the trivial
Lie groupoid as a sum of the discrete Euler-Lagrange equations of the action groupoid, and the
Euler-Lagrange equations of the coarse groupoid, but decorated with the mutual action terms.
As for the second tangible example, we considered the matched pair decomposition of
the group SL(2,C) into SU(2) and a simply connected subgroup K ⊆ SL(2,C), which, in turn,
corresponds to its Iwasawa decomposition. We then similarly decomposed the discrete Euler-
Lagrange equations over SL(2,C) into those over SU(2) and K , once again, furnished with the
action terms.
We finally note that, the present paper concerns only the discrete dynamics generated by
Lagrangian functions on Lie groupoids. It is very well known that there exists a theory of
Lagrangian dynamics on the Lie algebroid level as well; [38, 50]. We plan to apply the matched
pair strategy to the Lagrangian dynamics from the point of view of the Lie algebroids, which
however, deserves a separate paper.
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